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DERIVATIONS

Claim 1
Claim 1: If X n−1 ∼ N (0, 1) and ζ n ∼ N 0, 1 − γ 2 are two independent random variables, then X n ∼ N (0, 1) where:
X n = γX n−1 + ζ n |γ| < 1 (S1)
are independent random variables drawn from a normal distribution, then Z = aX + bY is a normally distributed random variable with µ Z = aµ X + bµ Y and
. Since X n−1 and ζ n are two independent random variables drawn from a normal distribution, then X n = γX n−1 + ζ n is also a normally distributed random variable and its mean and variance are as follows:
Claim 2
Claim 2: If X n ∼ N (0, 1), X n−1 ∼ N (0, 1) and ζ n ∼ N 0, 1 − γ 2 and X n = γ X n−1 + ζ n , |γ| < 1, then Z n ∼ N (0, 1) where:
Proof:
and since X n−1 and ζ n are two independent, normally distributed random variables, Z n which is a linear combination of these two variables is also a normally distributed ranodm variable. The derivations below
give the mean and variance of Z n :
since Var[X n ] = 1 and Var[ζ n ] = 1 − γ 2 .
Claim 3
Claim 3: If X n , X n−1 , ζ n and Z n are random variables defined according to Claim 2 then:
To obtain the last three equations we need to derive the values of
. ., ζ n−1 and ζ n .
Claim I: Let X n = γ X n−1 + ζ n then X n can be expanded as follows:
Proof: We prove the claim by induction. As it is given in the assumption of the claim for k = 1,
we show that for k = s + 1, (if s < 0 then k = s − 1), the following holds
For example, X n can be expanded in terms of X n−3 , ζ n−2 , ζ n−1 and ζ n as follows:
Now we use Claim I to find the value of E [X n X n−s ] as follows:
E [X n X n−s ] = E γ |s| X n−|s| + γ |s|−1 ζ n−(|s|−1) + · · · + ζ n X n−s = E γ |s| X 2 n−s + γ |s|−1 ζ n−(|s|−1) X n−s + · · · + ζ n X n−s = γ |s| E X 2 n−s + γ |s|−1 E X n−s ζ n−(|s|−1) + · · · + E [X n−s ζ n ] = γ |s| (S13)
To obtain the last equation we need to know the values of E X 2 n−s , E X n−s ζ n−(|s|−1) ,. . ., E [X n−s ζ n ] which are given as follows:
